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Abst rac t - -We analyse asymptotic approximations to the eigenvalue r lation for the even modes of 
plane Poiseuille flow for large but finite values of the Reynolds number. By using outer approximations 
which are valid in the complete sense, we obtain a result which is remarkably simple and for which 
the relative rror is of order R -1/2. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The stability of parallel viscous shear flows is governed by the well-known Orr-Sommerfeld equa- 
tion 
(0  2 - o~2)2 (~ - iaae  {(U - c) (D 2 - a 2) ¢ - U"¢} = 0, (1) 
where ¢(z)e ~(x-ct) is the stream function in the usual normal mode analysis, Re is the Reynolds 
number, and D = d .  In the particular case of plane Poiseuille flow, with which we will be 
concerned here, we have U(z)  = 1 - z 2 ( -1  < z < 1). We also have the boundary conditions 
¢ = De = 0, at z = ± 1. (2) 
In the usual temporal stability problem, in which the growth or decay of a disturbance in time 
is considered, we suppose that  the wave-number a is real and then treat the (complex) wave- 
speed c as the eigenvalue parameter of the problem. The numerical results obtained by Orszag [1] 
and Mack [2] for a = 1 and Re = 10,000 show that there are three distinct families of eigenvalues 
which exhibit a Y-shaped pattern in the (cr, ci)-plane similar to the one shown in Figure 2b for 
--* 0 but a re  = 10,000. In Mack's classification, these three families are designated by the 
letters A, P, and S in honor of Airy, Pekeris, and Schensted. In this paper, we wish to show how 
all of these modes can be approximated by a simple asymptotic formula. 
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2. THE EVEN MODES WITH cz- - - -0  
The key ideas involved in our approach are well illustrated by considering a simplified problem 
in which we let a ~ 0 but suppose that aRe = R (say) is large but finite. In this limit (1) can 
be integrated once and for the even modes the constant of integration must be zero. Thus, we 
have the simpler third-order equation 
4"  - iR {(U - c) 4' - U'¢} = 0 (3) 
and the relevant boundary conditions for the even modes are 
¢(z l )=¢ ' (z l )=4 ' (z2)=O,  ( z l=- l ,  z2=0) .  (4) 
Observe first that equation (3) admits the (exact) 'inviscid' solution 
41(z )  - (u  - u,  ' (5) 
where Uc' = U'(zc), zc = - (1 - c) 1/2, and we have fixed the normalization i  the usual way by 
requiring that ¢~(zc) = 1. Solution (5) can, of course, be used to reduce (3) to a second-order 
equation but that is not the best way to proceed for this problem. We also note that the balanced 
solution of (1) is usually denoted by ¢2(z) but since (3) has no balanced solution we write the 
general solution of (3) in the form 
4(Z) = Cl¢I(Z) + C3(~3(Z) -~-C4¢4(Z), (6) 
where ¢3(z) and 44(z) are the usual 'viscous' solutions of (3) which are recessive at z = z2 and 
z --- Zl, respectively. The eigenvalue relation is then given by 
~-(C, R) = 411 (431 442 - 432 ¢41) - ~1 (431 ¢42 - 432 ¢41) = 0, (7) 
where ¢i~ = ¢i(z~) (i = 1, 3, 4; v = 1, 2), and we have used the fact that ¢~2 = 0. 
To obtain suitable approximations for ¢3(z) and ¢4(z) we first introduce the usual Langer 
variable ~/2 ]2/3 
3 z U -c  
and then let ~ = ~]/e, where e = (iRU~) -1/3. According to the general asymptotic theory of 
the Orr-Sommerfeld equation which has been discussed in great detail in [3], equation (3) admits 
three viscous solutions Vk(z) (k = 1, 2, 3). These solutions are of dominant-recessive type and in 
terms of the generalized Airy functions Ak(~,p) which are discussed in the appendix of [3], we 
have the approximations 
Vk(z) ,,~ ~;.A(z)Ak(¢, 1) - eA(z)Ak(~, -1)  + e2g(z)Ak(~, 0), (9) 
where 
~;A(z) = el(Z) and A(z)  + ~C(z) = ~;,-5/2. (10) 
These approximations are quite adequate for the present purposes ince the errors associated with 
their inner and outer expansions are of order e 2 and 63/2, respectively. In the case of the outer 
expansions, however, the sectors of validity must be suitably restricted to insure completeness. 
Similarly, with errors of the same order, we have 
V~(z) ~ (TIA)' Ak((, 1) - e (A' - ~?'C)Ak((,-1), (11) 
where the primes denote derivatives with respect o z. 
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3. APPROXIMATIONS TO THE E IGENVALUE RELAT ION 
Let us now identify ¢3(z) and ¢4(z) with Vl (z )  and V2(z ) ,  respectively. Then the eigenvalue 
relation (7) becomes 
JF(C, R) : (~11 (V(l V2/2 - V(2V2/[) - (~1 (Vii V2P2 - V;2V21) = 0. (12) 
On then substituting the approximations (9) and (11) into (12), we obtain to lowest order 
.~-(C, R) ~ ~2 {¢11 (.Ai - ~ e l )  - (~1 ¢41 } (¢4~ - ?~ C2) A ((1, (2) = 0, (13) 
where 
A((1, ~2) = A1 ((1, -1)A2((2, -1) - A 1((2, -1)A2((1, -1). (14) 
Since the factor multiplying A((1, (2) in (13) never vanishes, the eigenvalue relation becomes 
simply 
A((1, (2) = O. (15) 
This result can also be written in the more transparent form 
Ai'((1) Ai' ((2e 2~i/3) - Ai' (Qe 2~i/3) Ai '((2)=0, (16) 
where Ai(x) is the usual Airy function. 
Despite the apparent simplicity of (16), detailed results are still difficult to obtain except in 
certain limiting situations. In the case of the A and P modes (see Figure 2a) we have 
! Amodes: Re(2--*+oo =~ Ai'((1) =0 =:~ Q=an,  
) / e--2:,ri/3 Pmodes: ReQ~-oo=~ Ai' (2e2~/3 =0 ~ (=an 
' (n 1, 2,...  ) are the zeros of Ai~(x). It is also helpful to recall that where a n = 
(17) 
(is) 
e ~2+¢1 - e -¢2-~ _ ie~2-~l  = O, (~=2¢ 3/2) (20) 
But, in the case of the S modes, it is far from obvious how their limiting behaviour emerges from 
equation (16). 
Fortunately, however, there is an important further simplification which can be made. If the 
Airy functions in (16) are replaced by the leading terms of their (complete) asymptotic expansions 
(with -4/37r < ph ( < 2/37r) then we obtain 
(n 
3 
(19) 
54 B .S .  No  AND W.  H. REID 
0.0 
-0.1 
-0.2 
-0.3 
-O.4 
-0.5 
-0.6 
-0.7 
-O.B 
-0.9' 
-10 
0.0 
• , . , , , , , • , . , • , • , . , , 0 1  
0 
0 
0 Ai ry  l imit  Peker i s  l imit  o o 
o o 
o o 
o o 
o o o 
o o o 
o o 
000~ 0 
0 0 0 
0 0 
0 0 
0 
0 
0 
Schensted limit o 
0 
0 
0 
0 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
C r 
(a) 
C i 
0.0 
-.0.1 
-0.2 
-0.3 
,.0.4 
-0.5 
.0.6 
-0.7 
-O.S 
-09 
-10 
0.0 
• , . , . , , , , , . , . , . , . , • 
0 0 
0 
Peker i s  modes  o o o Airy modes 
O 
O 0 
O O 
O O 
0 
0 
Schensted modes 
r i i 
0.4 0.5 0.6 
i ~ i i i 
0.1  0 .2  0 .3  0 .8  0 .9  1 .0  
0 
0 
0 0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
,QJ 
0.7 
c r 
(b) 
Figure 2. (a) The  limiting behaviour of the A, P, and S modes; (b) results based on 
the complete first-order outer approximation (20); for c~ = 0 anf R = 10, 000. The 
closed circles (e) denote the spurious p mode (see text). 
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and this is our main result. It can also be regarded as the outer expansion (in the complete sense) 
of the eigenvalue relation (12). In addition, ~1 and ~2 are given explicitly by 
1 f l  = [ [x /~-  (1 - c)tauh - I  x/~] e-5~i/4 RI/2 (21) 
~2 = 17r( 1 - c) e ~,/4 R1/2. (22) 
Thus, for fixed values of R, the eigenvalue relation (20) is a function only of c and the required 
eigenvalues can then be obtained numerically by a simple iteration process. 
Let us again consider the limiting behaviour of the A, P, and S modes. These three limits are 
controlled by different pairs of terms in (20) as shown schematically in Figure 1. Thus, for the A 
Re~2 --~ +oc  ~ e~l - ie -~ l  =O ~ ~l=: (n -~)Tr i ,  (23) 
Re~l - -~-oc  =:~ e~2 - ie-~2 = O ~ ~2 = (n  - 3 ) ~ri. (24) 
and P modes we have 
A modes: 
P modes: 
These results are equivalent o replacing a~ in (17) and (18) by the asymptotic approxima- 
tion (19). In the case of the P modes, however, Pekeris's results [4] show that the mode with 
n = 1 is spurious. Finally, for the S modes we have 
S modes: sinh(~2 + ~1) = 0 =¢, ~2 + ~1 = nTri. (25) 
When -c~ >> 1 a little further analysis shows that 
,~ 2 n27r 2 
cr = 5 and ci "~ - - -R - - '  (n large or R small). (26) 
4. RESULTS AND DISCUSSION 
The results of our calculations for R = 10,000 are shown in Figure 2 where the closed circles (.) 
denote the spurious P mode. Figure 2a shows the limiting behaviour of the A, P, and S modes 
based on equations (23)-(25), respectively. Figure 2b shows the results obtained by using the 
complete first-order outer approximation (20); except for the spurious P mode these results are 
visually indistinguishable from those obtained by a direct numerical solution of (3). In the 
junction region shown in this figure there is a delicate balance between all of the terms in (20) 
and it is quite remarkable that such a simple approximation is able to produce such detailed 
results. The success of this approach depends crucially on using outer approximations which are 
valid in the complete sense and as a result, each term in (20) has a relative error of order R -1/2. 
The ideas presented in this paper can clearly be extended in a number of ways. One would be 
to consider nonzero values of a. Another would be to consider boundary-layer flows and Poiseuille 
flow in a circular pipe. All of these matters are currently being studied. 
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